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This note contains a determination of the position of the ground water 

level in the case when there exists a narrow drain in the region occupied 

by the ground water (Fig. 1). The results obtained facilitate the study 

of drainage problems. It is assumed herein that the region originally 

occupied by ground water is a semi-infinite plane. Such a statement of 

the problem is acceptable when the impervious layer lies very far below 

the surface, while the depth of the narrow drain is comparatively small. 

The linearized condition at the surface of the ground water which was 

derived in reference [ 1 1 will be assumed here. 

We shall study a case of unsteady motion when the narrow drain does 

not contain any water. We shall assume that the change of the ground water 

level is small. 

Let us establish boundary conditions that will hold at the different 

segments of the surface occupied by the ground water. 

The following boundary condition on the velocity potential holds at 

segments BD and CD of the free surface. Here k is the filtration coeffic- 
ient and I is the porosity. 

k a9 a9 
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Introduce a new variable T by means of the formula 

(1) 

In that case the boundary condition becomes 

1129 
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(Fig. 1. 

At the segments AB and AC the pressure will be zero during the un- 

steady motion. The pressure, however, is related to the velocity potential 

in the following fashion: 

‘P=-- ($+ky) (4), 

If p = 0 then we obtain $ = - ky. Thus at the segments AB and AC the 

following condition holds 

q=-ky (5) 

If one introduces a complex velocity potential w(z) = I$ + i$, then 

the condition at the free surface may be written as follows 

3 
(6) 

Introduce now a new function o, related to the complex velocity 
potential 

aw . aw 
W=z+$’ (7) 

In that case, according to (11, the values of its real part are given 
at the segments CD and BD. The condition for determining the velocity 

potential at the segments AB and AC, which are parallel to the y-axis, is 

of the form (5). From this it follows that 

$+g=(;+&)(-ky)=-k (8) 

From (l), (8) and (7) it follows that the real part of the function is 

known along the entire contour bounded by the lines Ab, AC, CD and BD. 

Thus, ih order to find o it is necessary to solve the Dirichlet problem 
for half-plane with a cut subject to boundary conditions as shown in 

Fig. 2. Above all, it is obvious that the function w determined in this 

way will not depend on r. 

We shall assume that the depth of the cut, i.e. the depth of the drain, 
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is equal to 1. If the half-plane with the cut (the variable z corresponds 

to this region) is mapped on to a plane which is related to the variable 

5 so that points C and B become points with coordinates - 1 and + 1, 

then the relation between the variables ( and z will be the following: 

The function o(c) that satisfies the conditions shown in Fig. 2 will 

be 
k t-l-1 

W (5) =- Ir In r--1 

In that case, on the basis of (9) and (10) 

cl+(z) = - f A (2, (* (2) I ln l/l + 22/12 + I ) 

VI + 22112 - 1 

Thus we obtain the following differential equation for 

tion of v( Z, T ) 

(10) 

(11) 

the determina- 

(12) 

We shall assume that originally there was a state of rest in the 

region occupied by the ground water and that the narrow drain was then 

created quite rapidly. Therefore, the condition for V(Z, T) at I = 0 

will be 

w (2, T) = 0 (13) 

The function w(z, r) will be sought in the form of a sum of two com- 

ponents 
w (2.7) = wo (2) + Wl (Z,Tj (14) 

Here ~~(2) is the particular solution of equation (12) with the given 

right-hand side, and vI( Z, r ) satisfies the homogeneous differential 
equation 

The function vu(z) will not depend on r. 

Therefore, it can be found from 

9wo k 
iaz=-+Z) ori (15) 

Fig. 2. Assume that v,(z) is of the form 

2 

we(z) = $ \ A (5) dc 
0 

(16) 

The function V,(Z) that satisfies the homogeneous equation 
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will depend on the combination of variables z + i?. COnSeCWentlY, a1 (z,r )= 

(z + is ). 

In order to have r = 0, W(Z, r) = W,(Z) + 1o1(z) = 0 one has to have 

ai (z,O) = ZC” (z) + w1 (2) = 0. WI (2) = - aJ0 (z) 

Then 
z+is 

,Wl(Z,T) := -$ 
s 

A(5) d5 (48) 

0 

From this we finally get 
z+i7 

w (z, 7) = $ 

. z+ir 

[\A (C)G-- 1 11 (EM] = -$ \ A (5) dc (19) 

0 0 Z 

By substituting A (z) from (12) and performing the integration, we 

obtain 

w (z, T) = E 1 qn ;Ez; 1’ - In (C + mT)](z+i’)n 
x I z/l 

(20) 

One can determine now from the complex velocity potential the velocity 

potential 4 and the velocities of ground water motion at the boundaries 

of the drain. 

The velocity potential is 

or 

At the free surface, i.e. at the segments BD and DC the pressure 

p = 0. Thus qi = - ky. On the basis of this the change of the ground 

level (Fig. 3) is 

Therefore, 

6 (2,r) ; - ‘lm 
7z 

(21) 

is 

water 

(22) 

Let us determine the displacement of points at which the free surface 
is adjacent to the walls of the narrow drain (i.e. the displacement of 
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points C and B). When doing this one has to let x = 0. In that case 

obtain 

or 
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we 

(22) 

Replace the variable r by the time t by means of formula (2). Then we 

obtain final ly 

kt VI-kt/ml+l 1 ;kt/vd 

‘,=’ = - iii+ 1/l _ kt,,& _ 1 + xarc tg I/&(kt,m[)2 

This formula will be correct up to the 
point when % 

kt 1 -= 
ml 

or t-2 
Fig. 3. 

Then, on the basis of (24), the displacement of a point of the free 

surface at the boundary of the drain will be 

Thus, in the interval of time t = ml/k, the boundary of the free sur- 

face traverses half the depth of the drain. 

When t < WI/k we shall have on the basis of (24) 

v- 
g-1+; 

or passing to the variable t we have 

6 x-0 

It should be noted that at values of t of the order of ml/k, the dis- 

placements of the ground water level. near the wall will 

contradicts the original assumption of small changes in 

BIBLIOGRAPHY 

1. Galin, L.A., Nekotorye voprosy 

tovykh vod (Some problems in 

PMM Vol. 14, No. 6, 1951. 

be large, which 

water level. 

neustanovivzhegosia dvizheniia grun- 

the unsteady motion of ground water). 

Translated by M. I.Y.. 


